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Abstract—A complete first-approximation linear shell theory is presented, based on the kinematical assumption
that through every point of the reference surface a given material straight line, not necessarily normal to it,
remains straight after deformation. The equations are formulated in tensor notation.

NOTATION
a,b,c,d, e indices for cartesian components
A area
3 surface tensor related to deviation from normal
B,;‘; surface tensor (generalized curvature)
C curve on the reference surface
C, surface vector related to deviation from normal
D,y surface tensor (generalized curvature)
& the ath cartesian component of the ith base vector of frame &1, &2, &3
E, ; three-dimensional strain tensor
Eys surface (membrane) strain tensor
E.s = E,, surface (shear) strain vector
Ejs surface {transverse) strain invariant
Evw external virtual work
AN functions of &%, ¢2 describing geometry of shell
g determinant of G,
G determinant of G;;
G, three-dimensional metric tensor
Gy surface metric tensor
G,y = G,, surface metric vector
Gy surface metric invariant
HY tensor defined in equation (17)
i, j,k,Im  indices for components in frame ¢*, &2, &3
{ij, &} three-dimensional Christoffel symbols of the first kind of frame &%, £2, &% at £* = 0
ww internal virtual work
Koyp surface (bending) strain tensor
m? ath cartesian component of the external moment/unit area of the reference surface
m, components of the external moment/unit area of the reference surface in frame &7, £2, &3
M* ath cartesian component of the moment resultant/unit length of a curve on the reference surface
M two-dimensional moment tensor
N*# two-dimensional (membrane) force tensor
N modified two-dimensional force tensor [equation {60)]
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P’ ath cartesian component of the external force/unit area of the reference surface

p; components of the external force/unit area of the reference surface in frame ¢, €2, &3

o two-dimensional (shear) force vector

o modified two-dimensional force vector [equation (61)]

rou functions of &', &2 describing displacement of shell

ro U kinematic unknowns

R ath cartesian component of the force resultant/unit length of a curve on the reference surface
Tikm three-dimensional tensor of elastic coefficients appearing in three-dimensional constitutive equations
x!,x2, x> cartesian coordinates

{aB, v} two-dimensional Christoffel symbols of the first kind corresponding to metric tensor G,

) Kronecker delta

Eijk alternating three-dimensional tensor in frame &', ¢2, &2

Eap alternating surface tensor

unit outward normal vector to C in reference surface
E1 ¢ 8%  shell coordinates

I3, two-dimensional Christoffel symbols of the second kind corresponding to metric tensor G,
. [equation (16)]
&' three-dimensional stress tensor
% three-dimensional Christoffel symbols of the second kind of frame ¢!, 2, £2 at &3 = 0
INTRODUCTION

THE classical linear thin-shell theory—formulated originally by Love [6] and subsequently
improved by Koiter [5] and by Budiansky and Sanders [1]-—is based on the following
assumptions: (1) the shell thickness at any point of the reference surface is small compared
with the minimum radius of curvature of the latter at that point; (2) normals to the pre-
deformation reference surface are rigid and remain normal to its post-deformation counter-
part (Kirchhoff-Love hypothesis).

While the first assumption defines the basis of the theory, justifying replacement of the
triaxial state of stress by a biaxial state of forces and moments, the second is a restriction
specifying some preferential character for the normals to the reference surface before and
after deformation. The physical meaning of that restriction is that (as in the classical beam
theory) shear deformations are not taken into account, which implies that the theory
cannot cover: (1) such structures as sandwich shells; (2) dynamic behaviour, transverse
waves being ruled out. In those circumstances, a consistent theory— which may be regarded
as Timoshenko’s beam theory [9] extended to shells—was formulated [8], based on sub-
stituting a Bernoulli-type hypothesis for the Kirchhoft-Love one, namely: normals to the
pre-deformation reference surface are rigid but do not necessarily retain their normality
after deformation. That alternative theory, however, is still inapplicable to shells cut out
from layered materials, in view of their naturally preferred directions which are not neces-
sarily normal to the reference surface, nor can it serve as basis for a geometrically nonlinear
theory admissive of large shear strains, since the deformed structure no longer qualifies as
a shell under Bernoulli’s hypothesis.

The linear theory presented below is based on a less restrictive hypothesis, namely that
through every point of the reference surface a given material straight line, not necessarily
normal to it, remains straight after deformation. The theory is formulated in tensor
notation, so that its equations are valid in any coordinate system on the reference surface.
Like the classical shell theory, it recognizes the triaxial state of stress, integrated over the
thickness, and refrains accordingly from treating the shell as a generalized continuum [2-4].
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MATHEMATICS

(a) Basic definitions
Using the straight line in the preferred direction as the third axis of coordinates to
those of the reference surface, a point on the latter being represented by:

x* = f4¢, &%) (1
a point within the shell is given by:
X = fUE, )+ &%g(¢L &%) 2
where ¢, g are functions of &1, £2 alone.
We are concerned with coordinate transformations of the form:

gl =¢1eh ey

& = &3¢ &) 3)
53 — 53
for which the law of transformation of the contravariant components F' of a vector are:
_ ild
FP=FF
o (4)
FP=F

This is the same as saying that a three-dimensional vector F' is composed of a two-
dimensional (or surface) vector F* and an invariant F3 with respect to transformations of
type (3); similarly, a tensor T% can be resolved into a surface tensor T*, two surface
vectors T** and T** and a surface invariant T33,

The covariant base vectors, at every point of the shell, are given by:

~a_@z_afa 3%’_ o, £308°
€a = aéa - 6éa+é aéa - ea+é aéa (5)
Sa aia a a
e3 = F = g = e3
in which equation (2) was used.
The metric tensor is given by:
G, =&e . (7)

and by the above considerations can be resolved into a surface metric tensor:

two (equal) surface vectors:
a3 = G3, = €85 9
and a surface invariant:

633 = égég. (10)
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At every point, the contravariant three-dimensional base vectors are defined by:
& = G (11)
in which G¥ is obtained from:
G*Gy = 01, (12)
(b) Christoffel symbols ~
Two different meirics have been defined. The first, GY, corresponds to the triaxial shell

coordinates and is given by equation (7). For these metrics the first- and second-kind
Christoffel symbols at £ = 0 are defined, respectively, by:

. 110Gy 0Gy, 0G;
= - " L 1
and:
= G"{jk. 1. (14)

For the metrics Gal,, defined by equation (8) and corresponding to a two-dimensional
manifold, the first-kind Christoffel symbols at &3 = 0 are given by:

1[ oG, (')G,,y_aGa,,]‘ 15)

o, v} = E[ 28 o op

Note that since G,; is a submatrix of G;;, {af, y} equals {ij, k} for i = «, j = § and
k = y. On the other hand, the second-kind Christoffel symbols for the surface metrics at
&3 = 0 are given by:

B = H*{By, 0} (16)
where H*? is obtained from:

H*G,,, = &

"

(17

Comparing equations (16) and (17) with equations (12) and (14), it can be concluded
that in general :

s # T3 (18)

The second-kind Christoffel symbols are related to the derivatives of the base vectors
by:
de?

g€t _ px

oo = Thet. (19)

As is known I', is not a tensor. Still the restricted symbols s, ri,and I';, represent
surface tensors and vectors. This follows immediately by applying equations (3) to the
law of transformation of Christoffel symbols (see e.g. [77). Similarly, it can be proved that

the difference:
;y = F;v_ H;v (20)

is a surface tensor.
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Denoting:
Bf=T%, 21
C,=T3, (22)
D,=T3 (23)

the derivatives of the base vectors at ¢* = 0 are given by:

Oeq a a

Wg = I7pe"+ D¢ (24)
det  oOe°

aéi = 56(13 = Bz;zﬂe';i‘i_cae‘; (25)
3,

‘3‘053 =0. (26)

It should be noted that if ¢4 is identified everywhere with the unit normal to the refer-
ence surface, the tensors A5, and C, vanish identically, while B, and D,; reduce to the tensor
of curvature of the surface. Equations (24) and (25) can therefore be viewed as a general-
ization of Gauss’ and Weingarten’s formulae, respectively.

(¢) Theorem of surface divergence
The surface divergence theorem (see e.g. [7]) states:

fﬁ F*2,ds = J f F* dA 27)
C A

where F*is any surface vector; C is a closed curve on the surface; 4 is the area enclosed by
it; a semicolon denotes the covariant derivative with respect to the surface metrics (i.e.
with the use of I1},); and A,—the unit outward normal vector to C in the surface—is

given by:
de des
1, = \/ (%)sam£= o (28)

with g = determinant of G,4; G = determinant of G;;; ¢;;, = alternating three-dimensional
tensor ; ¢,; = alternating surface tensor. (Note that /(g/G) = ,/(G**)is a surface invariant).

TWO DIMENSIONAL FORCES AND MOMENTS

(a) Two dimensional forces
An element of the shell at point £}, &2 of the reference surface, cut through by a plane
containing the straight line

X = [, E8)+E°8¢o, £3) (29)

is shown in Fig. 1.
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preferred
direction

2, 402
dz*, 6 & +diy, & *+dtg

F1s. 1. Shell element.

Defining a coordinate z which measures length along &2, the area shaded in Fig. 1 is
given by:
area = dz d§sing. 30

The Cartesian components of the resultant of the internal forces acting on the ele-
mentary section can be calculated as:

R*ds = f i, dz disin & 3
where 6" = Cartesian components of three-dimensional stress tensor ;
fi, = Cartesian components of a unit vector normal to plane of section.
Taking into account the following equality:

dé* dx°
. od 25
Epcd€3 d§ df“

A& = i, sin @ dz (32)

and expressing the Cartesian components of the three-dimensional stress tensor in terms
ofthelocal coordinate components, the following expression is obtained from equation (31):

R® = NP224e% + QP64 (33)
where
NFe = f \/(g)aﬂ‘v[53+c33;;’] de? G4
53
and ~
o= f \/ (g) [692 +&3680C,) A&, (35)

Equations (34) and (35) define the biaxial forces.
(b) Two dimensional moments
The moment of the internal forces acting on the elementary section shown in Fig. 1

with respect to point (£}, £3) is given in Cartesian components by :

Mo ds = j 6 &3¢, 6%, dz dF sin & (36)
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Using equation (32) and expressing the three-dimensional stress tensor in local co-
ordinate components, the following expression is obtained from equation (36):

M = MP%g,, ], € (37
with:
MP = J‘ \/(g)aﬂw(ég+f33g)z3 de? (38)

Equation (38) defines the two-dimensional moment tensor. Note that the vector of the
moment acting on the plane of the section lies in a plane perpendicular to the preferred
straight line.

KINEMATICS

The hypothesis that the straight line given by equation (29) remains straight after de-
formation implies that the deformation of the shell is uniquely determined by six displace-
ment functions u%(¢', £2) and r%(&?, £2), whereby the post-deformation position vector
%* of any point within the shell is given as follows:

X7 = [, E)+u(E, )+ e, e+, EY). (39)

The base vectors after deformation are:

Qa - 5.%“ _ 3

ea - aig - aéa f 55:1 (40)
and

“'a aia 5a /] a a

& =gp= Bt =dsr (41)

The metric tensor after deformation, neglecting terms of order greater than 1, is given
by the following three equations:

2 a2 Lout | 0g” ou” 6g e ot ort
Grzﬂ = eaeﬂ G“ﬂ+eaa£ﬂ+ ﬂaéd f [06“ éﬂ aéﬂ aéa’{" aa§ﬂ+ ﬂaf ]
og® or* 5g or
32
+E) [aég oo 85] @)
Gy = 882 = Gy 4200 ay O +§3a~~~- ¢ 43
a3 T €63 = Uy 1€ 66"‘63 65“ 43)
éss = é‘;é‘; = G, +2e5r°. 44)

The three-dimensional strain tensor is given by:

~ ~

= 4G,-6,) (45)

N|>-
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Equations (42)45) yield the following expressions for the components of the strain

tensor:
E“l’ = E“ﬂ+%€3(Kaﬁ+Kﬂa)+%(63)2[B&¢Kﬂ¢+Bb¢Kw_2Epth;pBbp
OE;5; 0E;;
-2C, B"E —2CB Ep3+Ca ae? +C,; A
~ OE
Em3 = Ea3+%€3 agz;
E33 = Ej;
where

1f ou’ o’
-

8“6—67+e”6£“) == E[ia
ag u’ or?

a

* = ogog g

+2CaCBE33}

(49)

(50)

(51)

(52)

E,, K,z and E_; can be viewed as generalized membrane and bending strain tensors

and shear straln vector, respectively.

The rigidity requirement for the straight lines [equation (29)] is satisfied by setting:

Eyy = 0.

Note that a less restrictive assumption is also possible.
The following kinematic unknowns will be adopted:

a, a

u; = u'ef
r, = ref

Since, by equations (52) and (53)
r; =0.

Equations (54) and (55) represent five independent unknowns.

INTERNAL ENERGY EXPRESSION

The internal virtual work is given exactly by:

VW = fleL&fiaEU\/(G) det dg? aed

(53)

(54)

(55)

(56)

(57)
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or equivalently by:

~ ~ G
= 58 a3 3
VW f L[ IO 120 5Ea3)\/(—g) de :IdA (58)

where A = area of reference surface.
Using equations (34), (35), (38), (46), (47) and (53), equation (58) can be rewritten as:

VW = ﬂ [N*SE, 5+ 20°0E ;s + M¥3K ;] dA (59)
A
where
N = NoB _ Mo B;f (60)
0*=Q*— C,,M/’“. 61)

EQUILIBRIUM EQUATIONS

(a) Force equilibrium
Let the external load/unit area of the reference surface be given by:

p* = pe. (62)
The equilibrium of an arbitrary region of area 4 implies that:
§R"ds+ Jf p’dA =0 (63)
C A

where C is the boundary of the region under consideration.
Using equation (33) and surface divergence theorem, the following equation of force
equilibrium in Cartesian components is obtained:

(NP2t + QPes).;,+p* = 0. (64)

Multiplying equation (64) by ¢ and by e, the following equilibrium equations are
obtained in the local three-dimensional base :

N& + NP AT, + 0By +p” =0 (65)
and
NP°D ,+ Q%+ Q*C,+p* = 0. (66)
(b) Moment equilibrium
Let the external moment per unit area of the reference surface be given by:
me = me®. (67

The equilibrium of region A4 requires that:

3@ (€%, x"R° + M*) ds+ H (&, X"p"+m?) dA = 0. (68)
C A
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Making use of equations (33), (37) and (64) and again applying the surface divergence
theorem given by equation (27), the following moment equilibrium equation in Cartesian
components is obtained :

& X (NP2 + QP eS) + (6,3 MPTe) , +m* = 0. (69)

Multiplying equation (69) by eg, and by €3, the following moment equilibrium equations
in the local three-dimensional base are obtained :

M+ CMPT 4+ AT MPP— Q"+ 6% m, = 0 (70)
and
£rps(N™ = BfMP™) = 0. (71)
Note that by equation (71)
N*# = Nb= (72)

where N*# is defined in equation (60).

(¢) Boundary conditions
The normal boundary conditions are conveniently obtainable from the equality of the
internal and external virtual works:

IVW = EVYW (73)
the former being given by equation (59), and the latter by:

EVW = f J (p°Su® +m*5Q°) d A +56 (R U + M ™*5Q*) ds (74)
A C

where 0Q° is the virtual rotation of ej, in turn obtainable as:

a b s..c
_ &he30r

(73)
633

oQ°
and R** and M“* are the force and moment resultants acting on the boundary.
It can be verified, by using equations (49}{51), (59), (74) and (75), that equation (73)
yields the same equilibrium equations as obtained earlier [equations (65), (66) and (70)]
subject to the following normal boundary conditions:

LAN* — N*B)su, = 0 (76)
1 (0** — 0)ouy = 0 77
LM% — M™)5r, = 0 (78)

where N*** 0** and M*** are related to R** and M“* by equations (33) and (37).
Equations (76){78) imply that cither the forces and moments or the displacements (or
linear combinations thereof) must be prescribed at the boundary.
It should be noted [8] that equation (71}—not obtained from the principle of virtual
work—follows immediately from the definitions of N* in equation (34), and M* in
equation (38) and from the symmetry of the stress tensor.
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CONSTITUTIVE EQUATIONS

For linear elastic materials, the triaxial stress—strain relation is given by:
¢ = TukmE, (79)
Substituting equation (79) in equations (34), (35) and (38), and using equations (46)+48)

and (53) the following equations are obtained:
G\ ~
B J:s \/(g) {TBWP[EVP +%é3(K}’ﬂ + Kﬂ}’ +%(53)2(B§prw + Bwayw - 2EwiB.vahl
—2C,ByE,;—2C,B}’E,, )]-+-2T”"’V3E 3} (0% +&°By) d&? (80)
QB — f \/( ) Tﬂ”p+~f3C¢Tﬂ¢W)[Eyp+%é3(Kyp+pr)

+3E (B K,,+B K ,—2E,;B"B}
~2C,BPE,;—2C, B, E ;]
+ATPP +EC,TFo)E 4} A3 (81)

G\, ~
- Ls \/(g){Tﬂww[EW—i_%éa(Kw’Fpr

+3(E)*ByK,,+BK,,—2E, ;B "B} —2C BE,;—2C, B E,,;3)]
+2THe3E 3} (8% + E3B)E dE°. (82)

Equations (80)+82) relate the ten components of the biaxial forces and moments to
the nine components of the two-dimensional strain tensors given by equations (49)51).
Since equation (71) holds identically, however, there are only nine independent force and
moment compornents.

Less exact constitutive equations are obtainable by postulating a quadratic form of the
strain components for the internal energy expression. Equation (59) then provides directly
the desired constitutive equations interrelating the nine stress components N'!, N12 = N21,
N22, M M2 M2, M?2, Q' and Q7 and the nine strain components E,,, E,, = E,,,
Eyp  Kyy, Ky, Ky Ky, Eyyand E.

SUMMARY

The following set of equations was obtained :
1. Kinematic relations [equations (49)+51)] which can be rewritten in terms of the
kinematic unknowns as follows:

E,p = 3ty +tig,—2u,A% —2u;D ] (83)
E; = %[ra+u3:a—upr—u3Ca] (84)
K.y = B Uy — (B A, + Bf CJu,+ Couy g — (B Dy + C.Cplus +1p,—1, A% (85)

2. Constitutive equations [equations (80)+82)] which express the two-dimensional
forces and moments as linear functions of the two-dimensional strains.
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3. Equilibrium equations and boundary conditions [equations (65), (66), (70), (76)78)]
that when expressed in terms of the kinematic unknowns by means of equations (80)-(85)
constitute a system of five second order linear differential equations.

CONCLUSIONS

The theory presented has the following features:

1. It is based on the assumption that through every point of the reference surface a
given material straight line, not necessarily normal to it, remains straight after deformation.

2. The shell is described in terms of the reference surface geometry and of several surface
tensors representing the deviation of the straight line in question from the normal to the
reference surface and the generalized curvature of it. .

3. The deformation of the shell is uniquely determined by five independent kinematic
unknowns.

4. The equilibrium equations are exact.

5. The boundary conditions permit the forces and moments at the boundary to be
prescribed independently.

6. The equilibrium equations in terms of the kinematic unknowns are of the second
order.
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AGcTpakT—Mapuenom AncteiiHOM U Hp TeHOM naroTcs JMHEHHAas TEOpHs TOHKHX YNpyrux obosodek
OCHOBAHHAA HA 3aKOHE COXpaHEHUSA He-HOpMasnbHOK Npamoil nuuuu. [lpeacraBnsercst nofHas nuHeHas
Teopus 0bonovYeKk NEpBOTO NPUOIHKEHUS, HA OCHOBE KHHEMATHYeCKOrO NPEANONOXeHWs, YTO CKBO3b
KaXAylo TOYKY MAOCKOCTH OTHECEHUs, 3aflaHHas MaTepualbHas NpsAMas JHHHUSA, HE KOHEYHO HOPMAJIbHAA
K 3TOW IJIOCKOCTH, OCTAETCA NPAMOH nocne aepopmaninu. JaroTCa ypaBHEHUA B TEH3OPHOH HOTAUMWH.



